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Abstract. We show that the slopes between /i-extrema of the drifted ID Brownian 
motion form a stationary alternating marked point process, extending the result of J. 
Neveu and J. Pitman for the non drifted case. Our analysis covers the results on the 
statistics of /i-extrema obtained by P. Le Doussal, C. Monthus and D. Fisher via a 
Renormalization Group analysis and gives a complete description of the slope between 
/i-extrema covering the origin by means of the Palm-Khinchin theory. Moreover, we 
analyze the behavior of the Brownian motion near its /i-extrema. 
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1. Introduction 

Let B be a two-sided standard Brownian motion with drift — fi. Given h > we say 
that B admits an h-minimum at x £ R, and that x is a point of /i-minimum, if there exist 
u < x < v such that B t > B x for all t 6 [u,v], B u > B x + h and B v > B x + h. Similarly, 
we say that B admits an h-maximum at x € R, and that x is a point of /i-maximum, if 
there exist u < x < v such that Bt < B x for all t £ [u, v], B u < B x — h and B v < B x — h. 
We say that B admits an h-extremum at x £ R, and that x is a point of /i-extremum, if 
x is a point of /i-minimum or a point of /i-maximum. Finally, the truncated trajectory 
B going from an /i-minimum to an /i-maximum will be called upward /i-slope, while 
the truncated trajectory B going from an /i-maximum to an /i-minimum will be called 
downward /i-slope. 

Our first object of investigation is the statistics of /i-slopes. The non drifted case 
[i = has been studied in [NP] . Here we assume fi ^ and show (see Theorem [1]) 
that the statistics of /i-slopes is well described by a stationary alternating marked simple 
point process on R whose points are the points of /i-extrema of the Brownian motion, 
and each point x is marked by the h— slope going from x to the subsequent point of h— 
extremum. We will show that the /i-slopes are independent and specify the laws Pit , PH 
of upward /i-slopes and downward /i-slopes non covering the origin, respectively. The 
/i-slope covering the origin shows a different distribution that can be derived by means of 
the Palm-Khinchin theory [DVJ] . |FKAS] . 

Our proof is based both on fluctuation theory for Levy processes, and on the theory of 
marked simple point processes. The part of fluctuation theory follows strictly the scheme 
of [NP] and can be generalized to spectrally one-sided Levy processes, i.e. real valued 
random processes with stationary independent increments and with no positive jumps 
or with no negative jumps [B] [Chapter VII]. In fact, some of the identities of Lemma [U 
and Proposition [1] below have already been obtained with more sophisticated methods for 
general spectrally one-sided Levy processes (see jPij, |AKP] . [C] and references therein). 
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On the other hand, the description of the /i-slopes as a stationary alternating marked 
simple point process allows to use the very powerful Palm-Khinchin theory, which extends 
renewal theory and leads to a complete description of the /i-slope covering the origin. This 
analysis can be easily extended to more general Levy processes, as the ones treated in [C]. 

As discussed in Section our results concerning the statistics of /i-extrema of drifted 
Brownian motion correspond to the ones obtained in [jD FMj via a non rigorous Real Space 
Renormalization Group method applied to Sinai random walk with a vanishing bias. In 
addition of a rigorous derivation, we are able here to describe also the statistics of the 
/i-slopes, lacking in [DFMJ. 

In section (see Theorem^, we analyze the behavior of the drifted Brownian motion 
around its /i-extrema. While in the non-drifted case a generic /i-slope non covering the 
origin behaves in proximity of its extremes as a 3-dimensional Bessel process, in the drifted 
case it behaves as a process with a cothangent drift, satisfying the SDE 

dX t = d/3t±fi coth (jiX t ) dt, t > , 

■Vo 0. (U) 

where (3t is an independent standard Brownian motion and the sign in the r.h.s. depends on 
the kind of /i-slope (downward or upward) and on the kind of /i-extrema (/i-minimum or 
/i-maximum). In addition, we show that the process (jl.ip is simply the Brownian motion 
on [0, oo), starting at the origin, with drift ±/x, Doob-conditioned to hit +oo before 0. 

The interest in the statistics of /i-slopes and their behavior near to the extremes comes 
also from the fact that, considering the diffusion in a drifted Brownian potential, the 
piecewise linear path obtained by connecting the /i-extrema of the Brownian potential is 
the effective potential for the diffusion at large times [BOGDj . 

2. Statistics of /i-slopes of drifted Brownian motion 

Given fj,, x E R we denote by the law on C(R, R) of the standard two-sided Brownian 
motion B with drift —fj, having value x at time zero, i.e. Bt = x+B*—fit where B* : R — > R 
denotes the two-sided Brownian motion s.t. Bt has expectation zero and variance t. We 
denote the expectation w.r.t. by E^. If fi = we simply write P x , E a .. 

Recall the definitions of /i-maximum, h— minimum and /i-extremum given in the In- 
troduction. It is simple to verify that P^-a.s. the set of points of /i-extrema is locally 
finite, unbounded from below and from above, and that points of /i-minima alternate with 
points of /i-maxima. The /i-slope between two consecutive points of /i-extrema a and (5 
is defined as the truncated trajectory 7 := (B t : t E [a, /?]) . We call it an upward slope if 
a is a point of /i-minimum (and consequently (3 is a point of /i-maximum), otherwise we 
call it downward slope. The length £(7) and the height ^(7) of the slope 7 are defined as 
^(7) = (3 — ct and h(-y) = \ j(f3) — 7(0)!, respectively. Moreover, to the slope 7 we associate 
the translated path #(7) := (B t + a — B a : t E [0, j3 — a]) . With some abuse of notation (as 
in the Introduction) we call also #(7) the /i-slope between the points of /i-extrema a and 
(3. When the context can cause some ambiguity, we will explicitly distinguish between the 
/i-slope 7 and the translated path #(7). 

Finally, we introduce the following notation: given a E R, the constant a is defined as 



a = a + /i 2 /2 . 



(2.1) 
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2.1. The building blocks of the h— slopes. . Given a two-sided Brownian B with law 
Pq we define the random variables bt,T,/3,a as follows (see figure H]): 



b t = mxn{B s : < s < t} , 
r = min {t > : B t = b t + h} , 
(3 = b T = min {# s : < s < t} , 
a = max{s : s < r, S s = /3} . 



(2.2) 



Note that Pq— a.s. there exists a unique time s G [0, r] with i? s = /3, which by definition 
coincides with a. 




Figure 1. The random variables (3, a, r. 

Our analysis of the statistics of /i-slopes for the drifted Brownian motion is based on 
the following lemma which extends to the drifted case the lemma in Section 1 of [NPj : 

Lemma 1. Let fi ^ 0, a > and x > 0. Under Pq, the two trajectories 

(B t ,0<t<a), {B a+t -(3,0<t<T-a) 
are independent; in particular (/?, a) and r — a are independent. 



Furthermore —(3 is exponentially distributed with mean 



and 



Eg [exp(-aa) | (3 



exp < —x 



sinh(/i/i) 



lie 



-jih 



2a coth v 2ah ) — [ico 



)th(/i/i) | . 



2a coth ( v 2ah > fi 



In particular, Eq (exp(— acr)) is finite if and only if 



If \2. 5\) is fulfilled, then 

(exp(-aa)) 



fie 



-fjh 



Finally, it holds 



E^ (exp(-a(r-a))) 



sinh(^/i) ( v 2a coth ^y2a/i 
/2(i sinh(/i/i) 



A 1 sinh ^^2^/ij 



(2.3) 
(2.4) 
(2.5) 

(2.6) 
(2.7) 
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The proof of the above lemma is based on excursion theory and indentities concerning 
hitting times of the drifted Brownian motion. It will be given in Section 01 



2.2. The probability measures and P^ on h— slopes. We define the path space 
W as the set 

W = U T > C([0,T]). 

Given 7 £ W, we define ^(7) as the nonnegative number such that 7 E C[0, ^(7)] and we 
define the path 7* : [0, 00) — ► R as 



7t 



I 7i if < t < £(7) , 
[ 7%) ifi>%). 

Then the space W is a Polish space endowed of the metric dy\> defined as 

4v(7l,72) = l^(7l) -^(72)1 + ||7* -72 Hoc • 

On W we define the Borel probability measures P+, P^ as follows. Let B,B' be inde- 
pendent Brownian motions with law Pq. Recall the definition (|2.2p of r,/3,a and define 
b' t ,r', (3', a' as (see figure [2]): 

'b' t = m&x{B' s : < s < t} , 



t' = min{i > : B[ = b' t -h} , 
(3' = b' T = max {B' s : < s < r'} , 
a' = max{s : s < r', B' s = (3'} . 



(2.8) 



Then Pft is the law of the path 7, with £(7) = t — a + a' , defined as 

\B a+t -(3, ift€ [0,r-(r], 

7 * \5;_ (T _ (T) +/» > ifiG[r-a,r-a + a'], l ' j 

while is the law of the path 7, with ^(7) = r' — a 1 + <r, defined as 

' \5t_ (r ,_ CT0 -/i, if t € [r'-^r'-a' + o-]. V ; 

Note that P_ equals the law of the path —7 if 7 is chosen with law P7 . 




FIGURE 2. The random variables /?', cr', r'. 
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We introduce two disjoint subsets W+ and W- of W: 

W+ = {7 e W : 70 = min{ 7t : t G [0,%)]} =0, 7^ = max{ 7( : i 6 [0,£( 7 )]} > /i} , 

W_ = {7 G W : 70 = max{ 7t : t E [0, £(-/)]} = 0, 7%) = min{ 7t : t 6 [0,£( 7 )]} < -h) . 

Then the probability measure P± is concentrated on W±. Below we will prove that, given 
the two-sided BM with law Pq, P^ is the law of the generic upward /i-slope not covering 
the origin, while Pt^ is the law of the generic downward /i-slope not covering the origin. 

We collect in what follows some results derived from Lemma [T] and straightforward 
computations, which will be useful in what follows: 

Proposition 1. Fix [i 7^ 0. Let (£+,(+) be the random vector distributed as (^( 7 ),7^( 7 ) — 
hj where 7 is chosen with law P+ and let (£_,£_) be the random vector distributed as 
(£(7), — (7£( 7 ) + /i)) where 7 is chosen with law P^. 
Then (+, C- are exponential variables of mean 

sinlr^ E(C _ ) = ^M. (2.11) 
Fix a such that a := a + /i 2 /2 > 0. Then for all x > 

E f e-^± I C± = x) = — smh ^) exp |-x f ^coth f vW) - // coth^/i)) ) . 
V 1 » sinh(v^/i) 1 V V 7 /J 

(2.12) 

In particular, the expectation E (e~ Q ^ ±_A ^> ± ) is finite if and only if 

V2&coth(V2&h\ +(X±n) >0. (2.13) 

J/ ([HOP «s fulfilled, then 

E ( e -°<±-AC±) = yjge^ (2 M) 

^ ' v 7 ^ cosh f\/2d/i) + (A ± /it) sinh (^26^ 



i^ence 

E {£+) = fi- 2 (uh - whh{fih)e~' th ') , (2.15) 
E {I J) = iT 2 (e^ h sinh^/i) - fih) . (2.16) 



Consider I := + where and i + are chosen independently. Then, 

2 

Given a£R, E(e _Q ^) is finite if and only if 

( a : = a + fi 2 /2 > 0, 

\ 2acosh 2 (V^ah) + n 2 > 0. 

1/ i TO%)) is fulfilled, then 

_ / 2d 



E(£) = ^ sinh 2 (^/i). (2.17) 



(2.18) 
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Remark 1. Due to the identity 

2acosh 2 (V2^) +/? = cosh2 ^fr) (2 & h 2 - fi 2 h 2 tanh 2 (V2^)) , 

fry straightforward computations one can check that for [ih > 1 condition $2.18\) is fulfilled 
if and only if a > —fi 2 /2 + y 2 /(2h 2 ), where y* is the only positive solution of the equation 
y = fiht&nh.(y). If \ih < 1 then condition $2.18\) is fulfilled if and only if a > —fj, 2 /2. 



2.3. The stationary alternating marked simple point process . We denote by 
J\f the space of sequences £ = {(xj,7i) : i € Zj such that 1) (xj,7j) E ixW, 2) Xj < Xi+i, 
3) xo < < x\ and 4) lim^-too Xj = ±00. In what follows, £ will be often identified with 
the counting measure X^ez ^fe,7i) on M x W. 

A/" is a measurable space with cr-algebra of measurable sets generated by 

{i € M : i{A x B) = j} , A CM. Borel, B C W Borel, j G N. 

One can characterize the above cr-algebra as follows. Consider the space S := (0,oo) x 
(0, oo) z x W z as a measurable space with cr-algebra of measurable sets given by the Borel 
subsets associated to the product topology. Call 5' the subset of S given by the elements 
where the first entry is not larger than the entry with index of the factor space (0, oo) z . 
Then by the same arguments leading to [DVJ] [Proposition 7.1.X] one can prove that the 
map 

A/" 3 {(xi,7i)} i6Z ->■ {xx} X {Ti} ieZ X {7i}i 6 z € n := x i+1 - Xi , (2.20) 

is bijective and both ways measurable. We note that the introduction of S' is due to the 
constrain x\ < tq. 

Let us define as the law of the sequences {(xj,7i)}j 6 z € M such that 

• {li}i£Z ar e independent random paths, 

• {l2i}iez are i.i.d. random paths with law P±, 

• {l2i+i}iez are i.i.d. random paths with law Pi?, 

• x = 0, 

• x i+ i - Xi = £(ji). 

Note that Vq ± is concentrated on the measurable subset Ao defined as 

M) = {{(^i,7i)}i6Z : x = 0} . 
Finally we consider the convex combination 

Let # : AA — > AA and, for all i S R, let T t : AA — > M be the maps defined as 

iez iez «ez 

We stress that the above translation map Tt coincides with the map T_t of [FKASJ and 
with the map S-t of |DV Jj . A probability measure Q on AA is called stationary if TtQ(A) := 
Q(TfA) = Q(A) for all t E M and all A C AA measurable, while it is called ^-invariant if 
6Q(A) := Q{6A) = Q(A) for all A C N measurable. 

Note that Pq is ^-invariant. Moreover, due to (|2,17p in Lemma [H 

E K ( Xl ) = E p m(£( 7o )) = B(£)/2 = sinh 2 (^)//i 2 . (2.21) 



h-SLOPES OF DRIFTED BROWNIAN MOTION 



7 



Hence, due to the Palm-Khinchin theory (see Theorem 1.3.1 and formula (1.2.15) in 
[FKASj . and Theorem 12. 3. II in [DV J] ) there exists a unique stationary measure on 
H such that 



-E 



E(0 '<• 
sinh 2 (///i) 



x( T -t ({zi,7i}iez) E A)dt 



-E, 



.t'i 



X (T_ t ({xj,7i}j eZ ) G A) 



(2.22) 



where %(•) denotes the characteristic function. We simply say that is the law of the 
stationary alternating marked simple point process on R with alternating mark laws given 
by P^,P^. The probability measure Vq is the so called Palm distribution associated to 



One can write 

= J>»(. | 7o G W + )^( 7 o G W+) +7" i (- 1 70 € W-)P M (7o G W- 
From (|2.22[) we obtain that 

. . j s 2EpM [*ix(7b € W±)] E p m(%)) E (£± 

Hence, by (j2. 15 j) and (12.160 of Lemma HJ we can conclude that 

±/j,h =F smh(fih)e Tflh 



E(£) 



7^( 7o G W±) 



2sinh 2 (^/i) 



(2.23) 



(2.24) 



(2.25) 



In order to describe the conditional probability measure T"^- 1 70 G W±) we first observe 
that x\ and {7i}iez univocally determined the set {(xj, 7j)}j g ^. Moreover from (I2.22p we 
derive that, given Borel subsets A C R, Bj C W for — m < j < n, it holds 

7^(27 G A, 7j G Bj Vj : -m < j < n | 70 G W±) = 

E n'.± (/ 1 *( Xl - * G A ) dt ^3 6 5 J V i : -m < i < n^) /E(i±) = 

J x(tEA)dt, 1 EB \[ H P»(B 3 )}[ H P^B,)]/B(£ ± ). 

\ ^ / — m<j<n —m<j<n 



E, 



2<j< 

j^O, odd 



jy^O, even 



This identity implies that under "P^(- 1 70 G W±) the random paths 7$, i G Z, are inde- 
pendent, the paths { 7 2i}iez\{o} have common law P± while the paths { 7 2i+i}iez have 
common law Pt and that the path 70 has law 



7^(70 G A I 70 G W±) 



Epm(£( 7 ) X ( 7 GA)) E P ,(£( 7 )x( 7 G A); 



Epe(^(7)) 



E(£±) 



(2.26) 



Finally, we claim that under 7 ?/i (-|7o G W±) 27 has probability density function on 
[0,oo) given by (1 — F±(x)) fE(£±) where 



F±(x)=P(£±<x), x>0. 
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Indeed, given x > 0, due to (12.220 and p. 240 we can write 

V^{x x > x | 70 G W±) = > x , 70 G W±) /^(7o G W±) = 

E p m ± x(«i " * > x)dt\ /B(£ ± ) = E ((£ ± - x) X {t± > x)) /E(£±) 



E 



y *(i± > z)dz) /E(i±) = fy P(i± > z)<fej /E(*±) . 



In particular, we point out that due to (|2.23p and (|2,24p under the random variable 
x\ has probability density on [0, oo) given by (2 — F + (x) — /E(^). 

2.4. The statistics of h— slopes. We can finally prove the main theorem of this section: 

Theorem 1. Let B be the Brownian motion with law Pq and let (Ttii) igZ be the sequence 
of points of h-extrema of B, increasingly ordered, with mo < < nti. For each i £ Z 
define the h-slope ji as 

Ji = (Bt — B^ : 0<t< m i+ i - ttij) . 
Then the marked point process 

{(tni,7i) : i GZ} (2.27) 

has law . 



In order to prove the above result we need to further elucidate the relation between 
and its Palm distribution Vq , benefiting of the Palm-Khinchin theory. To this aim we 

'o ' 



need the ergodicity of Vn : 



Lemma 2. The probability measure Vq is 9-ergodic, i.e. if A C N is a measurable set 
such that Pg(AA9A) = then V$(A) G {0, 1}. 

Proof. Let us suppose that A C N is a Borel set with Vq (AA8A) = 0. Due to the 
characterization of the u-algebra of measurable sets in M given by the bijective and both 
ways measurable map (12.200 and since Vq is concentrated on Ao, for each e > we can 
find a measurable set A E C A/o and an integer k = k(e) such that A E depends only on the 
random variables 7, with —k <i<k and Vq (AAA £ ) < e. Since 

Vq(AAA £ ) = lp» + (AAA £ ) + hp^AAAe) 

we can conclude that 

V^ + {AAA £ ) <2e, V^_{AAA £ ) < 2e . (2.28) 

Since Vq is ^-invariant and Vq (AA6A) = 0, we get for each positive integer n that 
Pg(AA6 n A) = and therefore 

Vg(AA9 n A £ ) = V£{6 n AA9 n A £ ) = Vq (6 n (AAA £ )) = V$\AAA e ) < e. 

This implies that 

V \A £ A9 n A £ ) < Vq(A £ AA) + V^{AA9 n A £ ) < 2e . (2.29) 

Let us now write o(l) for any quantity which goes to as e [ 0. We note that for n large 
enough and even it holds 

r^ + (A £ n e n A £ ) = v» + (A £ ) 2 = v» + (A) 2 + (i) , (2.30) 

Vg_(A £ n n A £ ) = Vg_(A £ ) 2 = KUA) 2 + o(l) ; (2.31) 
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while for n large enough and odd it holds 

vg )+ (A £ ne n A £ ) = v^_(A £ ne n A £ ) = v£ + (a £ )v£_(a £ ) = t>£ + (A)p£_(A)+ (i) . (2.32) 

Let a := Vq + (A) and b := V^_{A). Due to (p08j) ..... (|2~32j) we can conclude that 
o(l) = Vg{A £ Ae n A e ) = Vg{A £ ) + Vg(6 n A e ) - 2V$(A £ n n A e ) = 
2Vg(A £ )-Wg(A £ ne n A £ ) = 

v^ + (A e ) + v»_(A £ ) - [v^ + (A e n e n A £ ) + v^(A E n = (2.33) 

{a + b — (a 2 + b 2 ) + o(l) if n is even and large , 
a + b — 2ab + o(l) if n is odd and large . 

We conclude that 

a + b-(a 2 + b 2 ) = o(l) , a + 6 - 2a6 = o(l) . 

hence, by subtraction, (a — 6) 2 = o(l), i.e. a = b + o(l). It is simple to check that 
there are only two possible cases: (i) a = o(l) and b = o(l), (ii) a = 1 + o(l) and 
6 = 1 + o(l). Since = (a + 6)/2, in the first case we get V${A) = o(l) while in the 

latter Vq(A) = 1 + o(l). Due to the arbitrary of e we conclude that Vtf(A) G {0, 1}. 

□ 

Let us now introduce the space A/"* given by the counting measures £ = X^g j n jS(x(fi 7OO) 
on R x W, where rtj £ N and the set {(x^), 7^)) , g ^} has finite intersection with sets of 
the form [a, b] x W. Note that if rij = 1 for all j £ J we can identity £ with its support. 
Hence we can think of N subset of A/"* . 

As discussed in [FKASJ [Section 1.1.5] one defines on A/"* a suitable metric dj\f t such that 
i) A/"* is a Polish space, ii) J\f is a Borel subset of A/"* and iii) the cr-algebra of Borel subsets 
of AC is generated by the sets 

{£ G A/"* : £(A x B) = j} , A CM. Borel, B CW Borel, j G N. 

In particular, the cr-algebra of measurable subsets of N introduced above coincides with 
the cr-algebra of Borel subsets of N and we can think of V^, Vq , Vq ± as Borel probability 
measures on A/"* concentrated on A/". 

Due to Lemma [2] and [FKASJ [Theorem 1.3.13] we get 

Corollary 1. Given \i 7^ 0, i/ie probability measure T^Vq weakly converges to as 
to I — 00 ; i.e. for any continuous bounded function f : A/"* — > R /toWs 

lim E r = E-pn(/) . (2.34) 

Let f be the intensity measure associated to T 7 ^, i.e. ^ is the probability measure on 
IxW such that 

v{A x B) = E v „ xB)), icK Borel, BcW Borel . 

Then due to [FKASJ [Theorem 1.1.16], the weak convergence of T^Vq to stated in 
Corollary [T] is equivalent to the following fact: given a finite family Xi, X2, ■ ■ ■ , Xf. of 
disjoint sets 

Xj = [a,j,bj) x Lj , di, bj G R, Lj C W Borel , 

satisfying 

u(dXj) = 0, j = l,...,k, 
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where dX denotes the boundary of X, it holds 

lim T tl X = 31, Z(X 2 ) =32,-.., i(X k ) = j k ) = 

for all ■ ■ ■ ,3k G N. 

We have now the main tools in order to prove Theorem [TJ 



j 2 ,...,£(X k ) = j k ) 




Figure 3. The sequence a n , r n . 



Proof of Theorem [TJ Let B be a two-sided Brownian motion with law Pq. Set t_i = to 
and define the random variables T n ,f3 n ,a n inductively on n G N as follows (see figure 
For n even set 



for n odd set 



min (B s ) + h 

T n -l<S<t 

rrm\{B s : T n _x < s < r n } , 
max{s : T n _i < s < r n , B s = /3 n } ; 



max (B s 

r n _i<s<t 



T n = min { t > T n -i : B t 

0",, 





= min 


{- 


Pn 


= max 


{B s 




= max 


{s : 



Pn} ■ 



(2.35) 

(2.36) 
(2.37) 



(2.38) 

(2.39) 
(2.40) 



Note that by construction a n is a point of /i-maximum for n odd, while a n is a point of 
/i-minimum for even. Moreover, due to Lemma [JJ and the strong Markov property 

of Brownian motion at the Markov times r n , the slopes 



[B an 



B an ■ < s < a n +i - (Tn) n>\ 



are independent, having law if n is odd and law if n is even. 

In what follows we will use the independent random variables X, V with the following 
laws: X is distributed as o\ — to, i.e. X is distributed as f + a J where f, a' are independent 
copies of t, &' defined in (|2.2p , fl2.8f) respectively. V is distributed as £ + , i.e. as the length 
£(7) of the random path 7 chosen with law . 
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Given a realization of the two-sided Brownian motion B with law Pq, let £(£>) be the 
associated marked simple point process defined in (|2.27j) . while let £ denote a generic 
element of M . Fix a finite family X\, X2, ■ ■ ■ , X^ of disjoint sets Xj = [a», bj) x Lj, with 
Oj, bj S M and Lj C W Borel, and consider the event 

.4 := {£ : = 31, S(*2) =32,-.., = j k } 

for given jt,j 2 , ■ ■ ■ , jk € N. Finally, set 

a := min{ai, 02, . . . , a k } ■ 
Due to the discussion after Corollary [H we only need to show that 

P£(f(B) €A) = V»(A). (2.41) 

To this aim, we set 

g(u)=T u Vg t _(A) 

and restrict in what follows to the case to < a - Then our initial considerations imply that 
Pft(£(fl) G A, ax < a) = B(g(t + X), t + X < a) (2.42) 

and therefore 

\P%{Z(B)eA)-Eg(t + X)\ = 

|Pft (£(£) e A <ri > a) - E (^(* + X), t + * > a) I < 2P{t + X > a) . (2.43) 

In what follows, we will frequently apply the above argument in order to get estimates 
from above without explicit mention. 

Let us consider the probability measure T^Vq. By definition 

TtoV^A) = \T ta V^ + {A) + \T t0 V^{A) , 

while 

T t0 V^ + (A) - Eg(t + V)\ < 2P(t + V>a). (2.44) 

Hence we can estimate 

\T t0 V^(A) - Eg(t + V)/2 - g(to)/2\ < 2P(t + V > a) . (2.45) 

Due to (|2.43p . (|2.45|> and Corollary [H in order to prove the theorem it is enough to show 
that 

lim \Eg(t + X)-Eg(t + V)/2-g(t )/2\ =0. (2.46) 
ioi-oo 

We will derive from the local central limit theorem that, given a generic positive random 
variable W having a (bounded) probability density and bounded third moment, it holds 

lim \Eg(t + W)-g(t )\=0. (2.47) 

to I— 00 

Due to Lemma [3] below, this result allows to derive (|2.46p . In order to prove (|2.47p define 
S n as the sum of n independent copies of the random variable I introduced in Proposition 
[TJ Moreover, let S n and W be independent. Then 

|E 5 (i + W + S n ) - Eg(t + W)\< 2P(t + W + S n >a), 

\Eg(to + S n ) - Eg(t )\ < 2P(t + S n >a). 

Hence in order to prove (12.470 it is enough to prove that 

lim limsup \Bg(t + W + S n ) - Eg(t + S n )\ = . 

n T°° ioi-oo 
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In general, given a r.w. Z we write pz for its probability density (if it exists). Moreover, 
we denote by || • ||i the norm in L 1 (1R, du). Setting S n = S n — nE(£), we can bound 

\Eg(t + W + S n ) - Eg(t + S n )\ < / g(to+u)\p w+s Ju)-p Sn (u)\du < \\p w+§n - p § J 

(2.48) 

Since 

Pw+S n ( u ) du = P(W+S n )/v^( u /Vn) d ( u /V™) i 

PsA u ) du = Ps n /y/K( u /Vn)d(u/Vn) , 
by a change of variables we can conclude that 

\Eg(t + W + S n )-Eg(t + S n )\ < \\p {w+§n) /^ ~ PsjM\ x ■ (2-49) 



Let J\f(u) = exp(— u 2 /(2A)) /V2tt\ be the gaussian distribution with variance A = Var(£). 
Due to (|2.48p and (|2.49p in order to conclude we only need to show that 

\\P(w+s n )/V^ ~ Pw/V^ * M\h = > (2-50) 

n\oo 

lmi\\p w/VE *M-M\\ 1 = 0, (2.51) 

njoo 

lim||^-ps n/ ^||i = 0, (2.52) 

where f * g denotes the convolution of / and g. 

We note that (]2.50|) follows from (|2.52[) since P( W +s n )/^E = Pw/^E * Ps n /^/E and for 
generic functions h,h',w in L X (]R, du) it holds \\h * w — hi * w\\± < \\h — /i'||i||w||i. The 
limit (|2.5ip follows from straightforward computations while (I2.52p corresponds to the 
L 1 -local central limit theorem for densities since W has bounded probability density and 
bounded third moment (see [PRJ [page 193] or Theorem 18 in [Pe| [Chapter VII] where the 
boundedness of pw is required). 

□ 

Lemma 3. The random variables X and V in the proof of Theorem U\ have bounded 
continuous probability densities. Moreover, they have finite n-th moment for all n E N. 

Proof. Due to Theorem 3 in [F] [Section XV. 3] in order to prove that X and V have 
bounded continuous probability densities it is enough that the associated Fourier trans- 
forms are in Since X = (r — a) + a + a 1 and = (r — a) + a' where the random 
variables t — o~, a and a 1 are independent, it is enough to prove that the Fourier transform 
of r — a is integrable. To this aim we observe that due to Lemma [1] the expectation 
Ej(e-°( T -')) is finite for a > —p?/2. This implies that the complex Laplace transform 

C 3 a -»■ Eff(e- a ( T - ff >) G C 

is well-defined (i.e. the integrand is integrable) and analytic on the complex halfplane 
K(a) > — /i 2 /2. Indeed, integrability is stated in Section 2.2 of [Dl] and analyticity 
is stated in Satz 1 (Proposition 1) in Section 3.2 of [Dlj . We point out that in |Dlj 
the author considers the complex Laplace transform of functions, but all arguments and 
results can be easily extended to the complex Laplace transform of probability measures. 
In particular, we get that the Fourier transform r — a is given by 



Eg (exp Ha(r - a))) = )/M±R f ^W , a e 

A* sinh \J2ai + fi 2 h 
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where the square-root is defined by analytic extension as V re ld = y / re i6 '/ 2 on the simply 
connected set {re ld : r > 0, 6 G (— it, 7r)}. From the above expression, one easily derives 
the integrability of the above Fourier transform. 

Since the Laplace transforms (12. 4p and (|2.6[) are analytic in the origin, it follows from 
[FJ [Section XIII. 2] that a, r — a and a 1 have finite n-th moments for all n G N. Hence, 
the same holds for X and V. 

□ 



3. Comparison with the RG-approach 



In this section we give some comments on the results concerning the /i-extrema of 
drifted Brownian motion obtained in [DFMJ via the non rigorous Real Space Renormal- 
ization Group (RSRG) method and applied for the analysis of Id random walks in random 
environments. We present the results obtained in [DFMJ in the formalism of Sinai's ran- 
dom walk, keeping the discussion at a non rigorous level. 

Start with a sequence of i.i.d. random variables {lo x } x ^z such that u x G (0, 1) and 

' ~" -{<>}. 



E 



log- 



u 



g 



Var 



log 



1 - UJQ 



u 



--: 2a G (0,oo). 



Defining 5 := A/ (2a), the random variable log 0^/(1— u x ) corresponds then to the random 
variable / in (27) of [DFMJ. Without loss of generality we set a = 1 as in [DFM], thus 
implying that A = 25. 

The associated Sinai's random walk is the nearest neighbor random walk on Z where 
<jj x is the probability to jump from x to x + 1 and 1 — oo x -\ is the probability to jump from 
x to x — 1. Consider the function V : K — > R defined on Z as 



V(x) 



Ei=o log - 


, - J2l2 x log 



1— Ux 



if x > 1 , x G 
if x = , 
if x < , x G 



and extended to all M by linear interpolation. Morally, the above Sinai's random walk 
is well described by a diffusion in the potential V. In [DFMJ the authors obtain results 
on the statistics of the T-extrema of V taking the limits T j oo, S J. with T5 fixed. In 
what follows, we show the link between their results and our analysis of the statistics of 
/i-extrema of drifted Brownian motion. 

By the Central Limit Theorem applied to V(x) — 25x, one concludes that for T large 

V{xT 2 ) 



V2T 



Bt + V25T3 



x G 



where B* is the standard two-sided Brownian motion (i.e. B* has law Po). If we set 

H = -V25T (3.1) 

and consider the limits r j oo and 5 [ with \x fixed we get that the rescaled potential V is 
well approximated by the Brownian motion B with law Pq. In particular, for T large one 
expects that the ordered family {(xk, V(xk))}k& of T-extrema of V is well approximated 
by family {(r 2 rrifc, \/2ri? mfc )} fcgZ where {mk}kez is the ordered sequence of points of h- 

extrema of B with h = l/y/2 (we follow the convention that xo < < x\). Setting as in 
[DFM] 

C := |V(xjfc + i) - V(x k ) \ - T, I := x k+ i - x k , 
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morally we get 

C/r~ V2\B m+1 - B mk \ - 1 , l/T 2 ~m fc+1 -m fc . (3.2) 

In [DFM] the authors write P + ((,l)d(dl, P~ ((,l)d(dl for the joint probability density of 
the random variables I if is a point of r -minimum or a point r -maximum respectively, 
they set P± (C,p) := Jo°° e~ lp Pv{C, 0* and derive 

via the RSRG method the limiting form 
of P r (dp) (note that in |DFM] the authors erroneously do not distinguish the T-slope 
covering the origin from the other T-slopes, but in order to have a correct result one must 
take k ^ 0). 

It is simple to check that all the computations obtained in [DFM] [Section II. C. 2] equal 
the results obtained in Proposition [T] by approximating the random variables £, I with 
distribution P ± (C,l)d(dl by means of the random variables V2F(±,T 2 £± of Proposition 
U where \i = -y/56T, h = 1/^2. This confirms (l3~2l . 

4. Proof of Lemma CD via fluctuation theory 
Given a path / G C([0, oo),R), define the hitting time of / at x as 

T x (f)=mi{t>0 : f t =x}, xGR. (4.1) 
Consider the process {E>t,t > 0} carrying the law Pq and define (see figured]) 

' b t = min{B s : < s < t} 

< Lt = -bt, (4.2) 
Y t = B t -b t . 

The process Y is the so called one-sided drifted BM reflected at its last infimum. It has 
the following properties: 




Figure 4. The process Y t . 



Lemma 4. [RW2] [Lemma VI. 55.1 J 

The process Y = {Yt, t > 0} is a diffusion and L = {Lt , t > 0} is a local time of Y at 0. 
The transition density function of the process Y stopped at 0, i.e. {itAT > t — 0}; * s 



pt(x,y) = (2^)- 1 /2 e M^-^)-|M 2 * 



-(y-x) 2 /2t 



-{y+x) 2 /2t 



x,y > 0. 



(4.3) 



The entrance law nt, t > 0, associated with the excursions ofY from w.r.t the time L is 
given by nt{dy) = n t (y)dy, where: 

n t (y) = 2y(27rf 3 )- 1 / 2 exp [-(y + fit) 2 /2t] , y > 0. (4.4) 



h-SLOPES OF DRIFTED BROWNIAN MOTION 



15 



Let us comment the above result and fix some notation (for a general treatment of 
excursion theory see for example [RW2J [Chapter VI] and [B] [Chapter IV] ) . 

We denote by U the space of excursions from 0, i.e. continuous functions / : [0, oo) — > R 
satisfying the coffin condition 

f(t) = f(H) = 0, Vt > H, 

where H is the life time of /, namely 

H = H(f) = T (f) e [0, oo]. (4.5) 

The excursion space U is endowed of the smallest a-algebra which makes each evaluation 
map / — > f(t) measurable. One can prove that this u-algebra coincides with the Borel 
cr-algebra of the space U endowed of the Shohorod metric. 
Write 7t for the right continuous inverse of Lt, namely 

7t = inf {u > : L u > t} = inf{u > : min B s < —t} , 

0<s<u 

and define the excursion e t G U, t > 0, as 

,. = {Y(yt-+a) if 0<s<7 4 - 74 _, 
\0 if s > 7t - 7t_. 

Then the random point process v of excursions of V from is defined as 

u = {(t,e t ): t>0, 7*^7*-} • 

In what follows, we will often identify the random discrete set v with the random measure 

Et>Q :7t ^ 7t _ h,e t ) on (O' 00 ) x U - 

Decomposing U as U = Uoo U Uq, where 

Uoo = {/ € U : H(f) = oo}, C7 = {/ € U : F(/) < oo} , 

Ito Theorem |RW2j [ Theorem VI. 47. 6] states that there exists a cr-finite measure n on 
U (called Ito measure) with n(C/ 00 ) < oo such that, if v' is a Poisson point process on 
(0, oo) x U with intensity measure dt x n and if 

C = inf{t>0 : v'((0,t]xU oo )>0} , (4.6) 

then the point process v under Pq has the same law of v'\(§£\-xU'- 

v ~ ^'|(o,C]xC/- (4.7) 

Here and in what follows, given a measurable space X with measure m and a measurable 
subset iclwe denote m\A the measure on V such that 

m\A{B) = m{A n B), VB c X measurable. 

Given t > the entrance law nt(dy), with support in (0, oo), is defined as 

nt(tfo) = n ({/ : £T(/) > t, / t € dy}) . (4.8) 

Since the process Y" (starting at 0) defined via (14. 2D is Markov and visits each y > a.s., 
the definition of the process Y starting at y is obvious. Due to Lemma HJ the process 
Y starting at y and stopped at is a strong Markov process with transition probability 
pt (•, •)• I n what follows we denote its law by Q y . 

Then, given t > 0, measurable subsets A, C C U with A £ a(f s , < s < t), it holds 

/"OO 

n(f : feA,H(f)>t,6 t f £C)= n(f e A, H(f) > t,f t <E dy) Q y (C), (4.9) 

■> o 
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where (9tf) s = ft+s- in particular, due to (|4.9I) the transition density functions (|4.3p and 
the entrance laws (I4.4p determine univocally the Ito measure n. 



In order to get more information on the Ito measure n of the point process of excursions 
of Y from 0, we give an alternative probabilistic interpretation of the transition density 
p(x,y). To this aim recall that Girsanov formula implies that 

W x {g) = E x (gZ t ), Z t = exp {-fx(B t - x) - fxH/2} , (4.10) 

for each ^-measurable function g, where Tt = o (B s : < s < t). Due to (|4.10p . we get 
for all x, y, z,s,t > 0, 

(B s+t G dy, T (6 S B) > t \ B s = x) = P£ (B t e dy, T > t) = 

In fact, the second identity follows from (I4.10p while the last identity follows from (14. 3D 
by computing P x (B t = y, Tq > t) via a reflection argument. Hence, given z > 0, pt(-, •) is 
the transition density function of the process (B tA T , t > 0) under P£, whose law equals 
Q z . In particular, ()4.9|) can be reformulated as 

/•oo 

n(f ■. feA,H(f)>t,9 t feC)= / n{feA, H{f) >tj t edy) P%(B. ATo e C) . 

Jo 

(4.12) 

The above identity will be frequently used in what follows. 



We point out that, as stated in Theorem 1 of [Bj [Section VII. 1], the content of Lemma 
0] is valid in more generality for spectrally positive Levy processes s.t. the origin is a 
regular point, i.e. real valued processes starting at the origin with stationary independent 
increments, with no negative jumps and returning to the origin at arbitrarily small times. 
Moreover, defining 

b t := A inf {B s : < s < t} , 

it is simple to check that the process Y starting at x > has the same law of the process 
(Yt := Bt — bt , t > 0), where B is chosen with law P^. This implies that Yt = Bt if 
t < Tq(B), hence once gets again that pt(x,y) = P%(Bt £ dy,T$ > t) as in (|4.1ip . 



In order to state our results it is useful to fix some further notation. Given h > we 
denote by U h,+ the family of excursions with height at least h and by U h ~ the family of 
excursions with height less than h, namely 

U h '+ = \feU : sup/ s >4, (4-13) 

I s>0 J 

U h >- = If eU : sup / s < h\ = U\U h > + . (4.14) 



One of the main technical tools in order to extend the proof in |NPj to the drifted case 
is the following lemma, whose proof is postpone to Section [6l 
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Lemma 5. If a > 0, fi ^ 0, then 



' smh(/m) 

n(U h '- HUoo) =0, (4.16) 
j (l- e - aH{f ^ n(df) = V2& coth (y/2Mi) - fi coth(/i/t) , (4.17) 

„(£/".+)- / e-^ In<TMdf) _ ^ ^ . (4.18) 
•/tf ^ sinh V2^/i 



Finally, we can prove Lemma [TJ 
Proof of Lemma One can recover the Brownian motion from the point process u of 
excursions of Y from by the formula 

B t = -a + f(t-S), forte [S,S + #(/)], (4.19) 

which is valid for each couple (a, /) G v by setting 



5 = / H{f') V (da\df). 

J(0,a)xU 



'(0,a)xU 

It is convenient to associate to U h,+ , U h ~ the measures v* = z / |[o, o)xrj' i >+) ^* = u \[o,oc)xU h - > 
n* = and = n^h,-. Moreover, we set 



inf {a > : 3/ G *7 ft '+ with (a, /) G i/} 



If a* is finite, let /* be the only excursion such that (a* , /*) G v. Due to (|4.6p . (|4.7p and 

(BHD 

Pft(a* >a) = Pft (f*((0,a] X U) = 0) = exp{-an*(C/)} , 

therefore a* is an exponential variable with parameter n*{U) (in particular, a* is finite 
a.s.). Due to the representation (|4.19p . (3 = —a*. Together with (|4.15p this implies that 
—(3 is an exponential variable with mean (|2.3p . Moreover, (|4.19p implies that 

a=l H{f)v{da!,df)= I H(f')v*(da',df). (4.20) 

J(0,a*)xU J(0,a*)xU 

Due to the above expression and the representation (I4.19P , the trajectory (Bt , < t < a) 
depends only on z/* and a*, while the trajectory (B a+t — /? , < t < r — a) coincides with 
the excursion /* stopped when it reaches level h. Since z/* and a* are independent from 
/* we get the independence of the trajectories. 

In order to prove (12. 4p we observe that —f3 = x means that a* = x. Therefore, condi- 
tioning to —j3 = x, it holds 



H(f)^(da',df'), 

(0,x)xU 



thus implying that 

Eft [exp(-a<r) | P = -x] = Eft ( exp J -a / H (f)v*(da> ', df) 1 j . (4.21) 

V { J(0,x)xU )) 

Note that, in order to derive the above identity, we have used that v is the superposition 
of the independent point processes u* and z/*. 
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We claim that 

EftUxpj-a^ ^ ^^(/'K^d/Ojj =exp|-x^(l- e - a ^))n*(d/)| . 

(4.22) 

In order to prove this claim we note that, due to Ito Theorem and (|4.16p . the point process 
has the same distribution of the Poisson point process on (0, oo) x U with intensity 
dt x n*. Hence, for a > the above identity follows directly from the exponential formula 
for Poisson point processes [B] [Section 0.5]. Suppose now that a < and a > 0. Given 
m > and / G U we define H m (f) as — oo if -ff(/) < m and as /?(/) if H(f) > m. Due 
to (l4~8l) and (l4~T2l . we get the bound 

- a ^^n,(d/) < e- Qm f h n m (dy)W y ( e - aT °I To<Th ) 

Jo 



where the r.h.s. is finite due to the form of n m and identity (|6.3p . This allows to conclude 
that the integral J e~ aHm ^n*(df) is finite, and therefore the same holds for the smaller 
integral Jll — e ~ aHm<y ^ \n*{df). This last property allows to apply again the exponential 
formula for Poisson point process and to deduce that 

Eft^expj-a^ ^ ^H m (f')^{da',df')^ = exp j-x ^ (l - e" Q ^)) n*(d/)^ . 

Taking the limit m { and applying the Monotone Convergence Theorem we derive (|4.22p 
from the above identity. Hence, (p^|) follows from (|4.17p . (|4.21j) and (|4.22p . while trivially 
(I23J) follows from (ET4T) . 

Finally, in order to prove ()2.7p . we observe that r — cr = Th(f*). Since the path /* has 

law n*/n*(U), 

E%{exp(-a{T-a)))=n*(U)- 1 [ n*{df) e - aTh ^ 

Ju 

and the thesis follows from (|4.18p . D 

Remark 2. As already remarked, the analogous of LemmaU\ (restricted to a > 0) has been 
proved for more general spectrally one-sided Levy processes |AKPj . [Pi] and [C] [Proposition 
1], by means of more sophisticated arguments always based on fluctuation theory, excursion 
theory and the analysis of the hitting times of the process. We have given a self-contained 
and direct proof based on simple computations, which will be useful also for the proof of 
Theorem^ but one can derive Lemma{J\from the cited references as follows. The Laplace 
exponent of the drifted BM with iawPjJ is given byip(X) = \\ 2 -\^, i.e. E^(e XBt ) = e*^ A ) 
for A £ R. Given a > we define the function as 

w (a) = e nx ^ e xV2& _ e -xVM^ 

Then it is simple to check that 

OO 1 

e -\x w (a) ,, dx = VA > $(a) , 

ip{\) — a 

where the value &(a) is defined as the largest root ofip(X) = a, i.e. <3?(a) = [i + V2di. The 
function is related to the exit of the BM from a given interval. More precisely, due 

to ft6.4\ ), it holds 

E ^(e- aT »r y < T- x ) = W { - a \x)/W { - a) {x + y), Vx,y>0. (4.23) 



h-SLOPES OF DRIFTED BROWNIAN MOTION 



19 



To the function one associates the function Z^ a ' given by 



Z^(x) = l + a W {a \z)dz 



2ax 



2ax \ 



Knowing the values of W^ a ' and one can compute the expressions in Lemma [7] for 
a > by applying for example Proposition Jm[C], 



5. The behavior of the drifted Brownian motion near to an /j-extremum 

In this section we characterize the behavior of an /i-slope not covering the origin, near 
to its extremes. To this aim we recall the definition of the drifted Brownian motion Doob- 
conditioned to hit +oo before 0, referring to [BJ [Section VII. 2] and references therein for 
a more detailful discussion. First, we write W{x) for the function 



W(x) := W {0) (3 



(W^ has been defined in Remark [2|). Defining $(0) has the largest zero of := 
A 2 /2 — X/j,, i.e. <1?(0) := V (2/i), the function W is a positive increasing function with 
Laplace transform 

r°° 1 

/ e- Xx W(x)dx = —— , VA > $(0) , 
Jo 4>W 
satisfying the identity (see (|4.23|) ) 

P%(T y <T_ X ) = W{x)/W{x + y), Vx,y>0. (5.1) 

Due to the above considerations, the function W is the so called scale function of the 
drifted Brownian motion with law Pq. 

For each x > consider the new probability measure P^ on the path space C([0, oo), M) 
characterized by the identity 

P£' T (A) = ^E£(W(X t ),A,t<T ) , Aef,, (5.2) 

where (Xf , t > 0) denotes a generic element of the path space C([0,oo),R) and T t := 
c{X s : < s < i}. As discussed in [B] [Section VII. 3], the above probability measure is 

well defined, the weak limit Pg'^ := lim^o P=c'^ exists and the process (P^,x > 0) is 
a Feller process, hence strong Markov (we point out that in [BJ [Section VII. 3] the above 
results are proven in the Skohorod path space D([0, oo),M), but one can adapt the proofs 
to C([0, oo), R)). As explained in [B] [Section VII. 3], this process can be thought of as the 
Brownian motion with drift — fi Doob-conditioned to hit +oo before 0. In the case of 
positive drift, i.e. fi < 0, this can realized very easily by observing that due to (15. ip 

P£(T = oo) = Pg(r_ a = oo) = lim Pft(T„ < T_,) = 

yloo 

lim ™^ - s = 1 - e 2 ^ = -iiW(x) , Vx > , 

and that this identity together with the Markov property implies that 
P£(A|T = oo) = P£' T (A), x>Q,AeT t - 
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For negative drift the event {To = 00} has zero probability, and a more subtle discussion 
is necessary. 

Lemma 6. The process Pq'^ is a diffusion characterized by the SDE 

dX t = dB t + (i coth (jjX t ) dt, X = , (5.3) 
where Bt is the standard Brownian motion. 

Proof. As already discussed, the above process has continuous paths and it is strong 
Markov, i.e. it is a diffusion. 

Due to (f5T2|) and (14.11|) . given x,y > 0, 

qt ( X ,y) := P»Hx t e dy) = € dy,t < T ) - - 



sinh(//y) e" 



4m 2 * r 



sinh(^x) ^/2^i 

From the above expression, by direct computations one derives that 



(5.4) 



d d Id 2 

—q t (x,y) = -— (fi(X)tb.((iy)qt(x,y)) + -^Q-^qt(x,y) ' ( 5 ' 5 ) 



Hence, the generator of the process is given by 

£/(y) = M coth( W )^/( y ) + iA 
and this implies the SDE f)5.3[) . 



□ 



Let us consider now the Brownian motion with drift —fi Doob-conditioned to hit h 
before and killed when it reaches h. In order to precise its meaning when the Brownian 
motion starts at the origin, given < x < h, we define Pl't as the conditioned law on 
C([0,oo),R) 

P£j(A) = P£(A|r h <T ), AeiW^. (5.6) 
Note that the above definition is well posed since by flSH]) P^(T h < T ) = W(x)/W(h) > 0. 

Lemma 7. Given < x < h, let Q^l and Rtt'l be the law of the path (Xt : < t < T/j) 

killed when level h is reached, where X is chosen with law P~'l and Px^ respectively. Then 

Qx h = R% an d wea k limit Qq a := nm ^|0 Qxh ex ^ s an d equals Rq . 

Proof. Given < xi, X2, . . . , x n < h and times ti < t2 < ■ ■ ■ < t n , we denote by A the 
event 

A := {X tl £ dxi,X t2 £ dx 2 , ■■■,X tn £ dx n , t n < T h } . 

Then, by definition of P^'l and the Markov property of the Brownian motion, for each 
< x < h we get that 

K'li-A) = P£(A*n < T )P£ n (T h < T )/P^(T h < T ) = P%(A,t n < T )W(x n )/W(x) . 

Due to (|5.2p . the last expression in the r.h.s. equals the probability Px^ (A), hence we can 
conclude that P^ X '\{A) = P^(A). Hence Q%\ = R^ h for < x < h. The last statement 
concerning Qq'^ follows from the fact that the weak limit lim,j;,J.o Px^ exists and equals 
Pf. □ 
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Due to the first part of the above lemma, we can think of (P£'J, < x < h) as the 
Brownian motion with drift —fi Doob-conditioned to hit h before and killed when it hits 
h. 

We have now all the tools in order to describe the behavior of the /i-slopes not covering 
the origin, near to their extremes. In order to simplify the notation, in what follows 
we denote by B« the two-sided Brownian motion with drift —fj,, starting at the origin. 
Moreover, given r G R, we define 

T r ( ft ' + ) = inf {s > : 1 5*5, - B^\ = h\ , 
= inf {s > : |t^ s - £ r M = fr} . 

Theorem 2. Xei 7^ and let m < m' be consecutive points of h-extrema for the drifted 
Brownian motion B", 6oi/i non negative or both non positive. 

If m is a pont of h-minimum and m' is a point of h-maximum, then the processes 

{B^ +t -B$,Q<t<Tt +) } , (5.7) 



m' to — t ' — — m 



r } } , (5.8) 



fta?;e i/ie same law of the Brownian motion starting at the origin, with drift —fi, Doob- 
conditioned to reach +00 before and killed when it hits h. Moreover, they have the same 
law of the Brownian motion starting at the origin, with drift —\x, Doob-conditioned to 
reach h before and killed when it hits h. In particular, they satisfy the SDE 115. 3\) up to 
the killing time. 

If m is a point of h-maximum and m' is a point of h-minimum, then the processes 

{B$-B%,Q<t<Tt +) } , (5.9) 

{^-^o<t<r£r)}, (5.10) 

have the same law of the Brownian motion starting at the origin, with drift fi, Doob- 
conditioned to reach +00 before and killed when it hits h. Moreover, they have the same 
law of the Brownian motion starting at the origin, with drift fj,, Doob-conditioned to reach 
h before and killed when it hits h. In particular, they satisfy the SDE $5.3\) with fi 
replaced by —fi, up to the killing time. 

Proof. The second part of the theorem follows from the first part by taking the reflection 
w.r.t. the coordinate axis. 

As follows from the proof of Lemma [T] in Section HJ the law of the process (|5.7p coincides 
with the law of the excursion / killed when it reaches h, where / is chosen with probability 
measure 

n(-\T h < T ) = n(-,T h < T )/n{T h < T ) . 
Due to Proposition 15 in [BJ [Section VII. 3], there exists a positive constant c such that 

n(A,t<T ) = cE^(W(X t )-\A), VA G T % , (5.11) 
n(T h < T ) = c/W(h) (5.12) 
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(note that (15. 12ft corresponds to (|4.15)) with c = 2). Hence, given numbers x\ 1 x 2 > • • • , x n 
in (0, h) and increasing times < t\ < t 2 < ■ ■ ■ < t n , we have 

n(f tl G dxi, f t2 G dx 2 , • • • , ft„ G dx n ,t n <T h < T ) = 

n(/ tl G efei, / t2 G dx 2 , • • • , /t n G cte n , i n < T^, t n < Zb)P£ n (T h < T ) = (5.13) 
cPS ,T (/ti G /*2 G ^2, - ..,/*„ G dx n ,t„ < T/,)/^) 

(the first identity follows from the Markov property (|4.12|) . while the latter follows from 
(JSTTJ and (pTTT]) ). From (pTT2"|) and (pH3|) one derives that 

n(f tl G dxi, / <2 G dx 2 , ft n G dx n , t n < T ft |T ft < T ) = 

p o' T e ffcci, f t2 edx 2 , f tn G cfe„ , t„ < r h ) . (5.14) 



This concludes the proof that the process (15. 7p has the same law of the Brownian motion 
starting at the origin, with drift — /i, Doob-conditioned to reach +oo before and killed 
when it hits h. All the other statements follow from this property, Lemmata [6] and [7] and 
by reflection arguments. 

□ 

6. Proof of Lemma [5] 

Knowing the Laplace transform of the hitting times of the non-drifted Brownian motion 
[KSJ [Chapter 2], the following lemma follows by applying Girsanov formula (|4.10|) : 



Lemma 8. Let x < < y and a > 0, then 



sinh ( yv 2a 

K (e- aT ^T x <T y ) = e-i" ^ (6.1) 

sinh I (y — x)\ 2a 



sinh I —xv 2d 

E£ {e- aT yl Ty<Tx ) = e-w -A Me. (6.2) 



sinh \^(y — x)\/2a 
Proof. Set Z t = exp {-nB t - n 2 t/2}. We claim that 
E£ {e- aT *I Tx<Ty ) = limEg {e- aT *l Tx<Ty I Tx<t ) = 

t \ OO 

limEo {e- aT *I Tx<Ty l Tx<t Z t ) = limE (e- aT *l Tx<Ty l Tx< tV>v{Z t \ T tATx )) . 

tfoo t|oo 

Indeed, the first identity follows from the Monotone Convergence Theorem, the second one 
from (|4.10p . and the last one by conditioning on J~tKT x and observing that e~ aTx ^-T x <T y ^-T x <t 
is TthT x measurable. 

Since, under Pq, Z% is a martingale and t AT X is a bounded stopping time, the op- 
tional sampling theorem implies that E (Z t | TtAT x ) = %t/\T x ■ For T x < t, Z t /\T X equals 
exp (—fix — aT x + aT x ), hence 

Eq {e- aT *I Tx <T y ) = lime-^Eo (e^I^T^t) = e"^E (e- &T *I Tx<Ty 

t\00 \ / \ 

Since a > 0, the above identity together with formula (8.27) in [KSJ [Chapter 2] implies 

HEED- 
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The proof of (16.20 can be obtained by similar arguments and by formula (8.28) in 
[KSJ [Chapter 2] or simply by observing that 

K (e- aT »I Ty <T x ) = Eq " (e- aT -»I T _ y<T _ x ) 
and then applying (16. ip , □ 
Due to the above lemma, given < y < h and d > 0, 

sinh ( (h — y)V2& 



E£ (e- QT »I To<T J = e 



W y (e- aT H Th<To ) = eM-Q 
P{f (T < 2X) = 



sinh I /tv2d 
sinh ( yy2~a 



(6.3) 



sinh ^/iy 2a 
sinh (/i(/i — y)) 



(6.4) 

(6.5) 
(6.6) 

(6.7) 

By considering the Taylor expansion around a = in above identity, one can compute the 
expectation of Tq It <oo- In particular, for all y > it holds 

E^ToI To<00 ) = e^-l^)y/| / z|. (6.8) 

We collect some identities (obtained by straightforward computations) which will be 
very useful below. First we observe that given a, b, w £ R and t > it holds 



sinh(/i/i) 

PTTh CTnl - c Mfa-M sinh (^) 
^ Ufc < Joj - e sinh(///l) - 

By taking the limit /i — > oo in (|6.3[) we get for all y > and d > 

E£ (e- QT °I To <oo) = = eW-Mvyfi+l? 



2y (v+wt) 



e 2t dy 



(a + wty 

-e ' 2* 



'o v / 2~7rt3 " V27rt \/2vrt V2vr J a /Vt+wVi 

In particular, fixed a > and c, u> G R, it holds as t j 

a 2y (y+wt) 2 ,2 

e 2t dy = y= — w + o(l) 



V27Tt 3 \/27rt 

3 2y (y+^t) 2 , , 
e at = o(l) 



a 2y (y±wt£ 

=e 2* CJ/ dy 



(to + c) + o(l) as t J. . 



" V^TTt 

Note that the last identity can be derived from (16. 9p by observing that 



e 2 cfe. (6.9) 

(6.10) 
(6.11) 
(6.12) 



Jo V&rj? 



e at °y dy = e 



As first application of the above observations and (|4.12[) . we prove the following result: 
Lemma 9. Let d > 0. Then 

(6.13) 



lim ! \l-e- aH ^\l H(f)<t n(df)=0- 
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Proof. Since for a suitable positive constant c > it holds |1 — e v \ < c\y\ if |y| < 1, the 
limit ()6.13p is implied by 

lim / H(f)I H{mt n(df) = 0. 
tl° Ju 

Since excursions are continuous paths and hm t j l}j(f)<t = pointwise, by the Dominated 
Convergence Theorem in order to prove the above limit it is enough to show that 

! H(f)I H{mi n(df)<oc. (6.14) 
J u 

By the Monotone Convergence Theorem 

/ H(f)l H{mi n{df) = lim / F(/)W (/) <in(d/), (6.15) 
Ju £ i° Ju 

and due to P~T2j) 

f u H{f)l £<H{mi n{df) = J n £ (dy)B%((T + e)I To <i-e) < 

f n £ (dy)E%(T lT 0<oo ) + e J n e (dy). (6.16) 
Due to ()6.10p and (I6.11|) . the last term e f n e {dy) is negligible as e { while, due to (16. 8p . 

n £ (dy)E™ To<00 ) = -L /°° Jjle^-HM^) 2 /^)^ (6.17) 



y x e|M| Jo v / 2vre 



In order to conclude it is enough to observe that 
s|Ml Jo 



R.h.s. of dETTD = -r^ r -^Ue-**^^ < 

s|Ml Jo V2vre 

1 f°° 2(v + \fi\e) 2 (y+lMk) 2 1 



<iy = | — r < oo . 



Jo V27re H 

□ 



Now we have all the technical tools in order to prove Lemma El 

6.1. Proof of (14. 15j) . Consider the measurable subsets U t ' + = {f £ U : sup s>t f s > 
h, H(f) > t\. Then Uj*' + C Uj^ + for t\ < ti and, by the continuity of excursions, 
U h >+ = U t>0 Ut' + . This implies that n(U h ' + ) = lim^o n{U^ + ) . Due to 

roc />oo 

n(U t h ' + ) = / n t (dy)P» (sup s > B sATo >h)= n t (dy)P£ (T h < T ) . 
Jo Jo 

Hence (see also (I6.6P ) we get that 

n(U h >+) =lim(Ii(t)+/ 2 (t)) J 



t|0 

where 



i 2y (y+Mt) 2 , _ . . f h 2y (v+^t) 2 , sinh(uy) , 

h(t = - 1 JL=e —dy, h(t)= -j==e — e Mi/-fe) . )™ J dy. 

V2vrt 3 Jo V2vrt 3 smh(fih) 



h 



Due to (|6.1ip limijo-^i(i) = 0. In order to treat the term I2 we write 

h{t) = {h{t)-h{t))/{l-e^ h ), 
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where 

hit) = / ; e at + ^ciy = / , e a* dw. 
Due to ([67TO]) . I 3 (f) = -J= - /j + o(l) and I 4 (i) = -J= + yu + o(l). In particular, 



n(U h ' + ) = lim I 2 (i) 



2/x ^e~^ 



tj.o e 2 ^ h - 1 sinh(/i/i) ' 

thus concluding the proof of (|4.15|) . 



□ 



6.2. Proof of (gHU). Consider the subsets U t C U defined as CT t = {/ € U : #(/) = 
oo, sup s>t / s < /i}. Then ?7 fe '~ n C/qo C Ut and, in order to prove (|4.16j) . it is enough to 
show that lim^o n(Ut) = 0. Due to (I4.12p we can write 



n(U t ) 



/ n t (dy)P»(T h = T = oc). 
Jo 



Note that if fj, > then P^(T = oo) = for all y > 0, while if /i < then ~P^{T h = oo) = 
for all y < h. Hence 

/'OO /'OO 

n{U t ) = / n t (dy)P^(T ft = T = oo) < / n t {dy). 

Jh Jh 

By (|6.1ip the last member above goes to as t 1 0. This implies that n(L^) = o(l), thus 
concluding the proof of (|4.16p . 

□ 

6.3. Proof of dHH]). We claim that 

j uh _ (l - e_aH(/) ) = (l - e-^)) I {suP[t oo) /</l} lH(/)>^(d/). (6.18) 

Indeed, the above identity follows from the Dominated Convergence Theorem if we prove 
that 

f \l-e~ aH{f) \n(df) < oo. (6.19) 
Ju h - 

To this aim, we observe that, for all t > 0, 

|l- e -«*C/)|n(<$f)< / \l-e- aH ^\l { f<h} n(df), (6.20) 

u h ~ Ju 

and by ([fH5D 

limsup(r.h.s. of dOQl)) =limsup / \l - e~ aH ^\l { f<h} I H(f)>t n(df) = 

tlO tiO if/ 1 ' ; 



limsupsgn(a) / (l - e- Q ^)l { /<h} % (/)>t n(d/). (6.21) 

lim^(l - e- Q ^^)l {sup[t i0o)f<h} l H (f)>Mdf) = v^coth (/iv 7 ^) - n<xtih(jih). (6.22) 



Ho 

We claim that 
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Note that (|6.22p implies that the r.h.s. of (|6.20p is bounded and this implies (|6.19j) . which 
implies (16.180 . which together with (16.221) implies (j4.17p . 



-aTo+at 



))dy = lim(J 1 (t)-e at J 2 (t)) 



Let us prove (|fT22]h By KW\ 

/•oo 

l.h.s. of = I™ / n t {y)W (l To<Th (l - e 

Jo 

where 

POO 

Jx(t)= / n t (y)P£(T <T h )dy, 
Jo 

poo rli 

Ht) = / n t {y)W y (l To<Th e- aT °) dy = / n t {y)W y (l To<Th e- aT °) dy. 
Jo Jo 

Due to the identities derived at the beginning of the proof of (|4.15p we can write 



(6.23) 



fie 



-fj,h 



™«fe)pfm<T )=„( t /^) 



while due to (joTTOj) and (foTTTj) 



The above identities give 



oo 2 

n t (y)dy = —= - fj, + o(l). 

o V ZlTl 



2 p,e~^ 2 

Ji(t) = —j= — \i —- — — + o(l) = —j= — \x coth(/x/i). 



/2~7rt sinh(/i/i) 



/ 2tt* 



(6.24) 



Due to JO 



h 2y (v + ,t) 2 , uv sinh ( " yW 2Si 
— e Tt — ^ 



o v^vri 3 



sinh ( hy2a 



dy 



2 sinh (/iv 7 ^) v / 2vr^ 



-W2& 



2sinhf/i\/2dWo v / 2?rt 3 



2y_ ^^(VSS+m) 



Hence, due to (|6.12p . 

■Mt) 



2 sinh ^\/2A) V ^vrt 



/ 2d + o(l) 



-hV2a 



2sinh(hV2ctj 



'2a + ofr 



2irt 



2acoth /jVM . (6.25) 



Then (I6T22D follows from ffT23l) . lJ?T23jl and (jOH]) . thus concluding the proof of <|CT7j> . □ 
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6.4. Proof of (I4.18|) . Due to the Monotone Convergence Theorem 

/ e- aT H Th<To n(df) = lim f e - aT H t<Th<To n(df)- 
Ju *±° Ju 

It is convenient to write the last integral as A(t) — B(t), where 

A(t) = e' at [ e-^^/)l Th(et/)<To(et/) % (/)>i n(4f), 
Ju 

B(t)=e~ at [ e-^( e ^)l Th( , t/)<To( , t/) % {/)>t I T , i < t n(d/). 
Ju 



(6.26) 



Hence 



By gH 



where 



f e- aT H Th<To n(df) = hW(i) - limB(t) . 

/•oo 

hmA(t) = lune~ at / n t {dy)W y ( e -^I Th<To ) = lim (^(i) + K 2 (t)) 

*i(t) = / n t {dy)W y (e- aT »I Th<To ) , 
Jo 



(6.27) 
(6.28) 



n t {dy)W y (e- aT *l Th<To ) = 

/•oo 

/ nt(dy)E*_ h {e- aT °I To<OQ ) 

J h 



n t {dy)W y {e- aT n Th<OQ ) 



Due to <K 



Ki(t) 



sinh ( y\f2& 



V27rt 3 



sinh ^/iv2d 

fe 2y (»+M«) 2 



2 sinh [ hV2a \ Jo V2irt 3 



By applying (|6.12p to the r.h.s. we get that 



Ki(t) 



sinh ( hv2& 



+ o(l). 



By (E 

^2(*) 



2y c _(jthpl +(ll -V2&)(y-h) dy = e ot+/,(.s 2m-/,) 



(6.30) 



2y (i/+V2at) 2 



v^vri 3 



(6.31) 

and due to (|6.1ip lim^o K 2 {t) = 0. This limit together with (16.281) and (|6.30p implies that 



limA(t) 

a ° sinh ( hV2a 



(6.32) 



We claim that lim^o = 0. Note that this together with ffHTD . (gC52D and (ETT5D 
implies (14. 181) . Hence, in order to conclude we only need to prove our claim. To this 
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B(t) < e 



-at 



Mi 



aim we apply Holder inequality with exponents p, q > 1 with l/p + 1/q = 1 and ap > 0, 
deriving that 

e^^I nm<met f)lHU)>M4f)\ ' P <T h < i 

u 

As t I the first factor in the r.h.s. goes to 1, the second factor has finite limit due to 
(|6,32p where a has to be replaced by ap (here we use that ap > 0). Hence we only need 
to prove that lim^o n {Th < t) = 0. By the Monotone Convergence Theorem it is enough 
to show that n(T h < 1) < oo. But n(T h < 1) < n(U h ' + ) which is bounded by (ETToT) . 

□ 
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